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Introduction.

The magnetic anomaly existing at a sheet is of great importance to the
practical interpretation technique. This is above all due to the fact that in
nature there frequently occur well-defined magnetic bodies whose configura-
tion nearly approaches that of a sheet. There are good examples of this among
the frequently recurring dykes of basic rocks as well as among stratified iron
ores. In addition, the calculation of the magnetic field at a sheet is compara-
tively simple.

Two different problems occur in interpretation work, viz. 1) that of deter-
mining the anomaly field when the disturbing body is known and 2) that of
~ calculating data for the disturbing body when the anomaly is known. In the

case where the disturbing body from a magnetical point of view may be con-
sidered as consisting of a single homogeneously magnetized sheet of infinite
length, formulae for calculating the vertical and horizontal intensities, ac-
cording to case 1) above, have been advanced by several authors (1—22). On
the other hand it appears that the case of a sheet of finite length has not yet
been thoroughly dealt with. The formulae dealing with simple sheets may also
be applied to calculate the disturbing fields at bodies that may be regarded as
composed of a limited number of homogeneously magnetized sheets.

Two principally different methods are used for the calculations involved
in problem 2) above. The first may be characterized as an indirect means of
approach, in which a solution is successively sought by the trial and error meth-
od. Various data of the disturbing body are assumed and from these data,
anomaly values are calculated. The data are varied by increments in order to
obtain progressively better agreement with the measured anomaly. This search-
ing method may be largely facilitated by compiling suitable standard tables,
and by making use of an atlas showing the appearance of the anomaly for a
large number of illustrative variations in the disturbing body. The other
method is a direct method of approach. Definite solutions to the values of the
disturbing body parameters are found by specific calculations or geometric
constructions. These calculations are based on the anomaly values at certain
chosen points of an observed magnetic profile.

From the point of view of interpretation, a distinction is usually made be-
tween »thiny and »thick» magnetic sheets. The treatment of the former is much
simpler than that of the latter. In practice the case of a thin sheet is applicable
when its thickness is less than half the distance between the datum plane and
the upper edge of the sheet.

The interpretation methods of direct calculation hitherto used, are based on
special characteristic points of the vertical (Z) or horizontal (X) intensity-curves
along a horizontal profile line, running at right angles to the strike of the sheet.
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According to a well-known rule given by Réssiger and Puzischa (19),
the depth of the upper edge of a ’thin’ sheet is equal to half the distance be-
tween the two points on the profile line, where the vertical intensity is half
of the maximum value. This rule is not an exact one, but the error limits are
rather narrow as long as the magnetization parallel to the plane of the sheet
(edge magnetization) is large compared to that at right angles to the plane
(cross-magnetization). Later on Duhoux (4) indicated a simple way of esti-
mating the position and magnetization of the sheet from a profile curve for Z,
using the maximum and minimum points of the curve. Koulomzine and Massé
(16) have advanced a direct method of approach for a thick sheet that
is based on the maximum, minimum and inflection points of the Z-profile.
Further, Hedstrém and Térnquist (21) have derived formulae for the determina-
tion of the magnetic parameters of a sheet of infinite length and depth by
using the maximum and minimum points on a profile curve of X or Z.

Unfortunately it is not always possible to apply these methods to actual
cases. The measured magnetic profile is very often more or less distorted by
disturbances from magnetic sections in the body of the rock; sections that do
not belong to the actual sheet. The result of this is that the positions of the
extreme and inflexion points on a measured profile curve of X or Z, may
deviate considerably from those which are valid for undisturbed profile curves,
arising only from the sheet itself. In addition, the observation points along the
profile line in terrain may be situated too far apart from each other to al-
low one to fix the required points on the magnetic profile curves with the
necessary accuracy.

In this paper new methods are described for calculating the parameters
of a thin sheet of infinite length and depth direct from the anomaly values.
In these methods profile curves, representing the intensity of one or two compo-
nents of the magnetic anomaly, form the basis of the calculations. The points
on such profile curves necessary for the calculations may be chosen at will.
The fact that sometimes a magnetic profile can be regarded as “undisturbed”
within certain resstricted areas only, does not prevent these methods of calcu-
lation from being used. In addition, the methods are extended to cope with
the case of a sheet having limited length, and with the case where the disturb-
ing body may be regarded as consisting of two thin sheets or one thick sheet.
The calculation technique is illustrated by actual examples. In the preamble,
formulae for the anomalies at a thin sheet of infinite and finite length are
derived. Numerical tables of these formulae are appended to the paper.

The interpretation studies now published have been carried out as a link
in the research work pursued by the Committee for “Magnetometric studies of
Iron Ores”, of the Mining Research Board of Jernkontoret. The author wishes
to express his sincere appreciation of the valuable aid given him in his work,
and also of the permission to publish the results.




CHAPTER 1

Magnetic Field at a Sheet.

§ 1. Definitions and symbols.

It is assumed in this paper, as long as nothing else is especially stated, that
the sheet has a rectangular form, and may be considered as “thin”” and homo-
geneously magnetized. The sheet is assumed to be situated in a right-handed,
right-angled coordinate system xyz with the xy-plane horizontal, and the posi-
tive z-axis directed downwards.

Some terms used in the following need to be defined:

Datum point is a point where some data of the anomaly field are known.

Calculation point is a datum point used in the interpretation calculations.

Datum line is a straight line going through at least two datum points.

Reference line is a datum line used in the interpretation calculation.

Upper edge or only edge is that edge of the sheet which is situated nearest to
the reference line.

Lower edge is that edge of the sheet which is parallel with the upper edge.

Orthogonal profile line is a straight line running at right angles to the upper
edge.

Strike direction or strike of the sheet is the direction of the section line between
the sheet plane and the xy-plane.

Head point is that point at a reference or profile line, where the vertical plane
through the sheet edge cuts this line.

Natural remanence is the remanent (permanent) magnetization that would
exist in a body, if the demagnetizing forces set up by the configuration of
the body were zero. This quantity is a vector, i. e. fixed in magnitude and
direction.

Apparent field of magnetization is the field vector that would induce the same
magnetism in a body as the one existing, which is caused by the earth’s
magnetic field and the natural remanence.

In the following, positive and negative directions of datum, reference or
profile lines are dealt with. By positive direction we mean the direction an
arrow has along such a line, when its projection on the x-axis is directed towards
increasing x.

When speaking of positive direction of the edge, or the strike of the sheet, or
of a normal to a vertical plane through a reference line, we mean the direction
an arrow has along such a line, when its projection on the y-axis is directed
towards increasing y.

Several of the angles defined in the following are described as angles taken
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from one line or direction #0 another line or direction. It is thereby assumed
that the angles are taken in clockwise direction and, if nothing else is stated,
between positive directions. By clockwise direction we mean a right-handed rota-
tion in relation to the positive direction of the rotation axis. The clockwise direc-
tion is thus counted in relation to the positive z-axis for angles in the xy-plane,
in relation to the positive direction of the sheet edge for angles in the plane
perpendicular to this line, in relation to the positive direction of the normal to
the vertical plane through the reference line for angles in this plane and so on.

Symbols of vectors are marked out with an arrow ).

The following symbols are used in this paper:

Dimensions and position of the sheet

¢ = thickness.

21l = length of the upper edge.

d = distance between the upper and lower edges.

%, = x-coordinate of the head point at a reference line.

Zo = 2- » » » » » 5% » »

by = — 2,.

@ = strike angle of the edge = angle taken from the y-axis to the projection
of the edge on the xy-plane.

f = slope angle of the reference line — angle in the vertical plane through the
reference line taken from a horizontal profile line to the reference line.

= slope angle of the edge = angle in the vertical plane through the sheet
edge taken from a horizontal line to the edge.

@ = dip angle of the sheet = angle in a plane perpendicular to the strike of
the sheet taken from the negative direction of the horizontal cutting line
with the xy-plane to the direction towards the lower edge of the sloping
cutting line with the sheet plane.

@' = angle in a plane perpendicular to the sheet edge taken from the negative
direction of the horizontal cutting line with the xy-plane to the direction
towards the lower edge of the sloping cutting line with the sheet plane.

Sheet magnetization and magnetizing field

M), = edge magnetization = magnetization perpendicular to the edge and
parallel to the plane of the sheet. M ,is reckoned positive when the magne-
tization is directed from the upper edge to the lower edge, and negative
when the magnetization has the opposite direction.

M | = cross magnetization = magnetization perpendicular to the plane of
the sheet. /| is reckoned positive when the direction of the cross magne-
tization is that of increasing ¢, and negative in the opposite direction.

My =VM),+ M.

» = magnetic susceptibility of the sheet material.

%', = apparent » in the direction of M,

% = » » » » » My
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N, = demagnetizing factor in the direction of M.
Vo= » » »oo » » M.

N = » TR » » the edge.
T = intensity of the earth’s total magnetic field.

¥} = declination angle of T = angle taken from the x-axis to the horizon-
tal component (H) of T

¢ = inclination angle of T

v; = the angle between T and the positive direction of the edge.

T' = the projection of T on a plane perpendicular to the edge.

1’ = angle in a plane perpendicular to the edge taken from the negative direc-
tion of a horizontal orthogonal profile line to 77.

I, = intensity of natural remanence.

¥, = declination angle of I, = angle taken from the x-axis to the horizon-
tal component of I
y = inclination angle of I = the angle between I and the honzontal com-

ponent of I y 1s reckoned positive when the projection of I on the
z-axis is directed towards increasing z, and negative in the opposite case.

v, = the angle between I and the positive direction of the edge.

I,” = the projection of I ,» on a plane perpendicular to the edge.
y' = angle in a plane perpendicular to the edge taken from the negative direc-

tion of a horizontal orthogonal profile line to I.'.

T" = intensity of the apparent field of magnetization in a plane perpendicular
to the edge.

7" = angle in a plane perpendicular to the edge taken from the negative direc-

tion of a horizontal orthogonal profile line to 7.
b
%l xT"
Anomaly field
P(x,y,z) = point outside sheet.
Q(a, b, ¢) = point belonging to sheet.
r = distance between points P and Q.
W = potential of total field in point P(x, v, z2)
W, = part of W caused by the edge magnetization.
Wii=9 % » » » . » Cross »
X, Y, Z = intensities of the field components along the x-, y-, z-axes. Their
signs follow those of the axes.
F, G, K = intensities of field components in directions determined by the
direction cosines: v, vy, v,, respectively wu,, u,, u,, respectively
S8, s

X Oy

o8 X Y 2y Fl, G;, K; = data of the calculation point ().



G S. WERNER.

) 1
1 [, Plane o

o
r _measurements.
face of the ground

1/,

H_—7

Fig. 2.1. Position of the sheet and the elements of the earth’s normal field.

§ 2. Fundamental formulae.

In the following, formulae of the magnetic field at a thin, homogeneously
magnetized rectangular sheet are derived. Such a sheet of finite depth may be
considered as replaced by two sheets in the plane of the original one, but of
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infinite extent in depth, viz. one sheet with the same upper edge and the same
magnetization as the original one, and the other one with its edge in line with
the lower edge of the original sheet, and having a magnetization of the same
magnitude but in the opposite sense. Thus it is necessary to give only the for-
mulae of the case where the sheet extends infinitely in the dip direction.

The sheet is assumed to be situated in a coordinate system xyz according
to fig. 2. 1, where the edge coincides with the y-axis. The dip angle () of the
sheet is taken from the negative x-axis towards the positive z-axis according to
the stipulations in § I.

The magnetization of the sheet is equivalent to an application of free magne-
tism to its bounding surfaces. In the following only those formulae for X and Z
are derived that apply to the plane of symmetry, i. e. y = 0. The free magne-
tism at the sloping side edges of the sheet does not influence X and Z in the
plane mentioned and may thus be neglected. The free magnetism on the upper
edge of the sheet is — &M, per unit length. At the face from which a positive
cross magnetization is directed into the sheet, the amount of free magnetism
is — M, per unit area; at the other face it is M .

The distance between two points P(x, y, z) and Q(a, b, ¢) is determined by the
relation

= (x—a2+ (y— 0>+ (z— )

First we treat the case when the sheet is situated vertically downwards,

i eg—aqo..
The potential at a point P(x,0,z), caused by the free magnetism of a length
element db of the edge at the point y = b of the y-axis, is dW, = — e_VV_I/Ld;b
7
and a = ¢ = o for all length elements of the edge.
b=1
Thus we have W,=— j s db and
7
b =—1
) ) b=l o=
S aid (EENY S [‘ LR T L T
0x 0x 73 (x2 4 zﬁ) sz —|— Py bEt 2 —|— 22
= b= —
=—2&eM) ,.»7-2 Rt ek LR e e
Va2 412422 x4 22
Similarly we obtain
W :
5 AR 2eM k_l*~ . (2:2)
0z Vaz 02422 a2 22

An element of volume &db dc at the point Q(o, b, ¢) has a magnetic moment
&M | db dc in the positive direction of the x-axis. The potential (@W ) of this
element at P(x,0,z) is then according to Poisson’s law
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d [eM dbdc
aw | =— (E — ) and a = o for all elements of volume of the sheet.
éfl ¢c= }
Thus we may write W | = —eM | f J é;x ( )db de.
& =.;l c=0

Si L) a (1 - g2 AN §
e ax \r) = " da \r) ™ \Gar T o5 Toa (1 Saied

we have
lv_f/ r‘=oo :
ow, ( 02 02\ [1
oL = &MJ_j j . ﬁ> (r) dbdc

¢=00 = &o=.1 c=o00
a ~lah
—*SMLUI 5 ) |+ ) i) | 2]
=0 b=-1 b=—1 c=o0
e l M 1 b4 AZ
ot Sl x2+l2+(x2 + I2) Va2 +12+22+(x2—{-22) Var + 12 4+ 22
i [rrVSEEre o2
ks SMJ—‘ z+lz+ L X2+ [2 e E?Ei] """ (2-3)
Further we obtain
=1 c=00 b=1 =00
__dWL_ ’ 0 (1 d (1
72‘;— SM‘LJ % '()c da (—) dde-—-GM\ 5 a;i (—r‘) db
b=—lc=o0 $om— =
db=—2eM R (2.9
=0 _L} (xz+bz+z2)3/z = £t ‘2_*_12_{_22'962_{_22' ¢ 4
_dW _()W ()H/\ o ()LV aW// (WPL
e amaet Sledeay e o ldeaiul amts er

Inserting the expressions (2.r—2.4) for the derivatives in the right membra
we obtain

e aa L e Sl
‘xz_,_la_*_qz /(2_}_2:2 ‘x2+lz+z2.__z ( )
IS [
g RS M RN
B CE N N e e

From equations (2.5) it is simple to derive the formulae for X and Z for
some arbitrary dip angle ¢ of the sheet. At point P(x, o, z) the components
of the magnetic field in the xz-plane, parallel and perpendicular to the plane of
the sheet, are designated Z” and X' respectively. Then we have
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X =X'sin ¢g— Z' cos g,
Z =X' cos ¢+ Z' sin ¢.
X’ and Z’ may be obtained from equations (2.5) by substituting x’ for x and
2" for z and in doing so putting
% =uxsin ¢ + z cos qy,l
ok aae p +z < (Pl .................. (2.7)

If the calculated values of X’ and Z’ thus obtained are inserted in equation
(2.6) and if z is replaced by — ¢ we obtain

o A LNy MLsqui#
e YR rBral oys tsmqo—f—xcosw-}—}x*—f—l*—*—ﬁ’ )
: 2.8
G T MMl o s M ey |
T ‘x2+13—+—t“‘ B t51nqa+xcosqz+‘x2+l2+t2

When [ — e, i. e. when the sheet is of infinite length, the above expressions
| reduce to the formulae advanced by Rdssiger och Puzischa,
xM 7] + tM 70 — M ik
X=——2:9~—2—_*_—tz : Z=2s x2+t‘=' Ve e (2.9)
Equations (2.s—2.9) are regarded as the fundamental formulae for the field
at a thin sheet.

In practice, when a calculation of the field at a given sheet is required, only
parameters of dimension and position are known as a rule, and not M)
or M. These latter quantities may, however, be calculated if the magnetic
susceptibility and natural remanence of the sheet material are known.

§ 3. Calculation of M// and M .

The magnetization of a disturbing body may be induced by the earth’s
magnetic field and it may be remanent (permanent). In order to make the
formulae more generally binding, we derive them for the case where the edge
forms an angle with y-axis, i. e. the angles « and y are + o.

The parts of M, and M that are induced by the earth’s field may be ex-
pressed as

%' T' cos (i’ — ¢) and ', T’ sin (i — ¢').

For the remanent magnetization the corresponding expressions are

Iicos(W—o) _ ., piw o g’
e e ="y kKT cos (' — ¢') and
T sm(zp-(}?) T e
o =’ | K'T’ sin (p’ — o).

Thus we may write
M, = »",T' [cos (i' — ') + &’ cos (p' — ¢')] =«")T" cos (3"’ — ¢),

M= T [sin(¢' —¢') + & sin(p' —¢)] =", T" sin (" — ¢). | G}
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The dashed (" or”’) quantities may be calculated with the aid of the following
formulae:

T' =T sin v;, where cos v; =sin 7 sin 7 —cos y cos 7 sin (¢ — ),

sin y sin (@ — &) + cos y tan ¢
cos (¢ — 3) .

tan¢ =—

I =1, sin v,, where cos v,=sin y sin ¥ — cos y cos y sin (¢ — J,),
r r

sin y sin (¢ — Jy) 4 cos p tan p

tan = :
4 cos (e — J) (3-2)
cos @ : sin v, ; P g %
r Lo k=R e o )= o
cos @ cos y sin 7; © 14 =xN, Gl wN

I TYiT oW o F —y) LA, taniro SR HN sy
cos ' 4 k' cos o'

As regards the demagnetizing factors N, and N, they are strictly speaking
not constant within a sheet-like body. This is especially the case at the edges.
Only for bodies limited by faces of second degree, the demagnetizing factors
are invariable inside the bounding surfaces. On the other hand, the sum of the
demagnetizing factors available for three mutual perpendicular directions is
constant (= 4 ) for every point of a body of any shape. Thus we have

N=+ N/‘*"N_L :47{.
Starting from this relation and the assumption that the “mean magnitudes”
of N, N, N, are in a direct ratio to the areas of sections of the sheet-like

bodyﬁin planes perpendicular to the three corresponding directions of demagne-
tizing, we arrive at the formulae

N =4xn _i_,,, N, :4n_%L_,
iz ed + 26l + 2dl ' ed + 2¢l 4+ 2dl
9
N_L:4TL' d-l-A‘— .................. )

ed + 26l + 2dl
For an infinite length of the edge (I = =) these formulae give

N‘= o, N//‘/=4ﬂA€*', N_L =47l—7@ —
= d €

e+ +d

When even the extension in the depth of the sheet is infinite (d = «), we

obtain
N==Nr/=O, ]\’J_ =47{.

The magnetic susceptibility of rocks is primarily determined by their content
of ferromagnetic minerals. Of the common minerals only magnetite, pyrrhotite
and hematite in a-form (maghemite) are ferromagnetic. Pyrrhotite, however,
is not seldom paramagnetic.

Pyrrhotite and in particular magnetite occur to a very great extent as acces-
sory minerals in the rocks, and have for that reason a dominating influence on
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Fig. 3.1. The relation between susceptibility (») and the volume percentage magnetite (Fe;0,) in ores and rocks. The curves correspond to the values 0.3,
1.0 and 1.5 of the susceptibility (K) of pure magnetite. The scale divisions a) and b) give the weight percentages of Fe, the gangue material having a
specific gravity of 3.17 and 2.67 respectively,
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the magnetic properties of the rocks. Crystals of these minerals are magnetically
anisotropic, and show remarkable differences in susceptibility in different direc-
tions. Samples of rocks and ores have, however, usually the same susceptibility
in all directions, due to the completely arbitrary orientation of the occurring
ferromagnetic minerals as regards their crystal axes (pseudoisotropy).

As far as the magnetic properties of rocks and ores are concerned, the sus-
ceptibility at field strength of the magnitude of the earth’s field varies from
about 0.5 to 2 for magnetite, and from about 0.05 to 0.2 for ferromagnetic
pyrrhotite.

According to investigations carried out on rocks and ores within the Swedish
iron-ore fields (23), the susceptibility of the material in a body containing v
volume fraction of ferromagnetic material of the susceptibility (K), is

1/6

5 ﬁ*, where C = internal demagnetizing factor =4 st

1 4+ CKv v

The relation between % and the volume percentage of Fe;O, in a magnetite
ore is shown in the diagram in Fig. 3.1. The three curves hold for the cases in
which the susceptibility (K) of pure magnetite are 1.5, I.0 and 0.5 respectively.
The largest K-value is representative of typical skarn-bearing and calcareous
iron ores. Quartzeous iron ores have a K-value of about 1. Apatitic iron ores and
manganiferrous iron ores have values of K varying greatly from deposit to de-
posit. The highest values are about I.s5, and the lowest values are about o.s.

In the diagram there is also shown the weight percentage of Fe corresponding
to the volume percentage of FezO, for those cases in which the gangue material
has a specific gravity of a) 3.17 and b) 2.67; the specific gravity of magnetite
is fixed to 5.17. The former value (3.17) corresponds approximately to green
skarn, tremolite, anthophyllite, hornblende and apatite, while the latter value
(2.67) corresponds to acid rocks.

Judging from the experience gained from data in published cases of inter-
pretation of local magnetic anomalies, it appears, that the natural remanence
in the majority of the cases considered must either be small relative to the
induced magnetization or else have approximatively the same direction as the
latter. Exceptions to this rule, however, are not uncommon. -

§ 4. Tables.

When drawing up auxiliary tables for calculating X and Z according to the
formulae (2.8—2.9) it is convenient to separate the cases of / infinite and /
finite and further =0 and ¢ = o.

In the following the notations below are used.

=8
8’ e ‘E’ x' =§’ l' =£; C' = _1_+Z_;

¢ t t 14 a2 40

’ C,

AL O e e dan

14 sin ¢ + %" cos ¢ &) V1 4 x2 I
= ‘E, %" =f, kx” ik I e

! 1 V1 + 27
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% k‘r/
e T
cos @+ k(1 +%"%
A = 2¢l = area of upper, or lower edge of sheet.
In the expression for C | "as also in the formulae given later, the sign inside the
brackets is used when # is negative. The fundamental formulae (2.8—2.9) for
the cases set out above may now be expressed as follows

L infinite
140 X=—"2&[k'My+R-B'M|] . : oiciiiiiiiiiiiieniina.. (4.1 a)
: el R MR M T i e (4.z b)
2eM, 2 el
$=0 X:—?x‘[: .......... (4.2 @) Z:-b-x”—é ........ (4.2 b)
l finite
A :
‘X—(+)—8 ‘71——{:'22 [II’ +( _—C_L Sln(p) ‘[L] (43(1)
t4+0 :
|Z:(i)28’i1;_§[k ‘1—(k —CJ_ COSs ¢) JT_L] wvikin (436)
; :O]X =2 R My—C " sin g M) . ... 0 (4.4 @)
1Z =—26"M (B —C " 008 @) soevivccoiininmininis (4-40)
The factor 2¢" — lrr—»— may be replaced by —1--k.
D 2yl + 0

The equations (4.3 @) and (43 b) may also be applied to rod-like bodies. In
that case A denotes the area of the cross section of the rod-shaped body perpen-
dicular to its longitudinal axis. A qualification is, however, that the area can
be inscribed in a rectangle of sides 2/’ and ¢’ where both these sides are < 1.
The formulae will now express the values of X and Z in a vertical plane through
the longitudinal axis of the body.

Tables for these cases have been compiled and will be found on pages (I—
XXI) in the end of this paper. Table 1 applies to the case of / infinite and

-0, table 2 to [ finite and ¢ <=0 and table 3 to [ finite and ¢ = 0.

Table 1 includes values of £’ and k.. Since in this case, C'=1 these quanti-
ties are simply functions of x'. &' is always positive, whereas k" has the same
sign as x’. The numerical values of %’ and k' do not change when x’ changes
sign.

Table 2 embraces a number of double pages for different values of /'
(l''—0,1,2,3,4.5,6,8 and 10) where %/, k., C," and CL' cos ¢ are tabulated
for close successive values of ¥’ from o to 10 and from o to — 0. The left-hand
pages contain values that correspond to positive values of x” while the right-
hand pages correspond to negative values of x’. %’ and k" are entered only
in the left-hand pages, as these quantities do not alter their numerical values
as #" changes sign. %, is always positive, whereas %, is to have the same sign
as . This rule holds whether ¢ is positive or negative.

2—482318. S. G. U., Ser. C, N:0 508. Werner.
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C,' has always the same sign as ¢, but changes its numerical value as ¢ changes
sign. In the table the values of C " and C " cos ¢ correspond to positive values
of ¢. C ' has only been tabulated for ¢ = go° and 270° (— 90°), and it remains
unchanged for both angles when x" changes sign. C " is thus included only in
the right-hand pages of the table in the two columns farthest to the right.
When ¢ is negative the values in the column of ¢ = go° are valid for — C,’
with ¢ =— 90°, and the column of ¢ = — go° is valid for — C | " with ¢ = -+ go°.

When magnetic measurements in the field are carried out, only Z is usually
measured. It has thus been considered convenient to tabulate the values of
C,’ cos @ for close successive steps of ¢ (Io degree intervals from 0—=80°). If
C,' sin ¢ is required multiply the tabulated value by tan g.

If one has to calculate the components of X and Z along a profile line passing
over the middle of the plate perpendicular to the edge, it is always possible to
place the coordinate system xyz (see Fig. 2.1) in such a manner that the x-axis
gets parallel to the profile line, and the dip-angle ¢ of the plate lies between 0°
and 9o°. Then the values of C " cos ¢ in table 2 are valid if the profile line cuts
the negative z-axis (¢ positive) and thus passes over the plate. If, on the con-
trary, the profile line cuts the positive z-axis (¢ negative), and thus passes
through the plate one cannot use table 2, since C |’ changes its numerical value
if ¢ changes its sign.

Table 3. The numerical value of 2" does not change when x’" changes sign.
k" is thus entered only in the left-hand pages of the table. On the other hand
k" is positive when x"’ is positive and negative when x'’ is negative.

C " is always positive. C | "’ cos @ is hence positive if ¢ is situated in the 1st or
4th quadrant, and negative if in the 2nd or 3rd quadrant. From the expression
for C " it is clear that this quantity has the same numerical value at a point x"/
with ¢ = ¢, or @iy in the 1st resp. 4th quadrant or at a point — x’" with
@ = (180° — @) = @1 or @ = (270° — @;) = Pyy; in the 2nd or 3rd qua-
drant. The tabulated values of C,” cos ¢ for ¢ = @, are hence also valid for
@ = ¢y without modifications. If ¢ = ®;; or ¢;;; the right-hand pages of the
table are to be used for positive x""-values and the left-hand pages for negative

x''-values.




CHAPTER II.

Methods of Interpretation. Single Sheet of Infinite Length.

§ 5. Introduction.

In this chapter and in the following that case is treated where the disturbing
body may be regarded as consisting of a thin sheet of infinite extent in depth.
As mentioned earlier in § 2 a sheet of finite extent in depth is from a magnetic
point of view equivalent to two sheets of infinite depth. This case is treated in -
chapter V.

Suppose that the horizontal and vertical intensities are known at a number
of points along a horizontal orthogonal profile line, and that the sheet edge is
horizontal and of infinite length. In Fig. 2.r the above mentioned profile line
corresponds to a line (z =— ¢ = —fo; ¥ = 0;) parallel to the x-axis, and the
given field data correspond to X and Z in formulae (2.¢). These formulae,
however, presuppose that the x-coordinate of the head point at the profile
line is zero.

When interpreting a magnetic profile curve corresponding to a profile line,
the position of the head point is mostly unknown. Let us therefore suppose
that origo of the coordinate system in Fig. 2.r is displaced at an arbitrary
distance along the x-axis and that after this displacement the wx-axis cuts the
edge at a point x = x. In order for the equations (2.9) to be valid in this case
it is obviously necessary to substitute (x — xo) for x and write these equations

e e Gl R PR ekt
R e e £t (x—x)

According to the formulae above the components X and Z along a horizontal
orthogonal profile line are governed by four parameters, viz. x,, &, ¢M/; and
eM ;. In the general case where the edge slopes and the profile line is not hori-
zontal and orthogonal, the components X and Z along the profile line (situated in
the xz-plane) must be governed also by the angles a, # and y of which fis known.
In the following the quantities x,, Zo, &, , e M, e M | are called the magnetic para-
meters of a sheet. Of those the four first written quantities determine the posi-
tion of the edge and the last two state the magnetization of the sheet.

The parameters x, and f, are, exactly expressed, the coordinates of the magnetic
edge line (the line pole) of the sheet. This line pole does not always coincide
with the edge of the sheet-like body, but may in many cases be situated within
the body at some distance from its edge.

According to equations (3.z), M, and M, are functions of the magnetic
properties of the sheet material (susceptibility, natural remanence) as well as
of the position of the sheet in relation to the direction of the earth’s normal
field. The values of ¢M,and e}M | may therefore form the basis for further

. (5.2)
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calculations of the position of the sheet (dip angle) as well as for estimating
the magnetic properties and thickness of the sheet.

From the above it is clear that the interpretation calculations fall into two
main stages, viz. a) the determination of the magnetic parameters of the sheet,
and b) calculations based on eM), and M ;. The calculations according to a)
aim at a mathematical representation of the given profile curves, while the
calculations according to b) imply an attempt to explain the magnetization of
the sheet. We start with the primary problem a). The secondary problem b)
is treated later on in § 8.

As regards the determination of the magnetic parameters of a sheet, the
methods of calculation given in this paper are based on the use of intensity
values of field components at datum points, situated at one reference line. There-
by it is most convenient to choose the reference line in such a manner as for it
to be situated in a plane perpendicular to the edge. When the results of the
magnetic measurements in the terrain are represented on maps where the
isodynamic lines are drawn up in the recognized manner, this desirable object
implies, from a practical point of view, that the data used for the calculation
ought to be taken from the map along a line running at right angles to the centre
line of the anomaly image.

It is convenient to represent the data, taken along a profile line on a map
in the manner mentioned above, in a diagram (in the following denoted inter-
pretation diagram) according to that in Fig. 5.. The full line in this diagram
represents the magnetic profile curve of the component F, measured along the
shaded ground profile, and L is the reference line used in the calculations. The
points I, 2, 3, 4 on the profile curve of F correspond to the points where the
reference line cuts the ground profile, i. e. the datum points of the reference
line. Thus we obtain from the diagram the data x,, F, for the datum point (1),
the data x,, F, for the datum point (2) and so on.

The axes of length (x) and height (%) in the interpretation diagram are drawn
on the same scale, so that the slope angle (f) of the reference line may be taken
directly from the diagram.

As regards all the quantities (as coordinates, field components, angles and
so on) represented in the interpretation diagram, they are connected with the
definitions of the symbols in § 1 by the stipulation that the plane of the dia-
gram is the xz-plane through origo of our coordinate-system xyz, and that the
yz-plane through origo cuts the length-axis (x) of the diagram perpendicular
and at the chosen zero point. Further we assume that the x-axis in the diagram
is positive in the same direction as the x-axis of the coordinate system xyz.

By treating the methods of calculation as regards the magnetic parameters
of a sheet, we distinguish in the following between simple cases and general cases.
When the edge is horizontal and the reference line is horizontal and orthogonal,
i. e. a =f =y =0°, we speak of simple cases and otherwise we speak of
general cases.

§ 6. Simple cases.

As a = f# =y = o, the formulae (5.r) and (5.2) may be used in the calcula-

tion of the magnetic parameters x,, to, eM ,and eM | of the sheet. As there are
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Fig. 6.1. Interpretation diagram showing a profile curve of F, the ground profile, the re-
ference-line (L), and the calculation points.

four parameters, four equations are required for the calculations. Thus it is
only necessary to know X or Z at four points, or X and Z at two points on the
reference line.

GIVEN X OR Z.

Equations (5.r) and (5.2) may both be written in the following form

@Gyt ax + b F - bxF =22F ....... i (Oer)
where, if F =X
ay =2 (eMyx,—eM | fy), by =— 2 — %%,
a, = — 2eM > bl =2 X0,
and if F =2 St i A6
ay =2 (eMyt,+ eM | x,), by =— ts® — %,
a, =— 2eM |, by —2 %,

Using the values of x; and F; at four datum points (corresponding to z =
= 1..4) on a magnetic profile curve of X or Z, we obtain four linear equations
according to (6.r) for calculating the parameters a,, a;, by and b,.
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Putting
Dot o B x|
l)(l :lxﬁFi X; Fi xiFi l,
ol omnE - wEY Y (6.5)
1
])b :I 1 X; ;'U?Fi xiFi I,
D, =|1t % F =F]

where the expressions with the vertical lines are determinants of four rows
(the first row corresponding to ¢ = 1, the second to 7 = 2 and so on), we have

Du Dﬂl Dho Dbl
Al e Sl SlGR S s i (6.4)

D D D D

Further we obtain from the expression (6.z)

X9 = gl_bl,
fo =41 Y—4b,—b;,
and i B — X
8JIJ_ R 2a, + alb_ll
4¢,
vara i P iR SO I s B e (6.5)
and if F =2
oM, = M’
% 4.¢
eM | =—la,.

It should be observed that in the above cases the numerical values of the
magnetic parameters of the sheet are unambiguously fixed except for the sign
of two of them. When using the profile curve of X the signs of # and of eM |
will be uncertain but that of the product e}, ¢ will be fixed. When basing the
calculations on a profile curve for Z, a similar situation applies to #, and e},
Hence it is not possible to decide solely on calculations whether the edge of
the sheet is situated above or below the reference line, if the values of only
one of the field components X or Z is known along its length. When applied to
actual examples, ambiguity arises only at interpretations of measurements
below the earth’s surface.

In the following the phrase inferpretation equation is applied to equation (6.r)
and the phrase parameters of the interpretation equation to a,, a,, b, and b,. As
these quantities are functions of the magnetic parameters of the sheet, they are
also called parameter functions.

GIVEN F.

The interpretation method described above may be extended to a component
F. As the direction cosines of F are v,, v, and v,, we may write

F=0v,X4vY 49,2
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where Y = o. If the interpretation equations for X and Z be multiplied by v,
and v, respectively and added, it is easily seen that the resulting equation may
be expressed in the same form as (6.1). The expressions for b, and b, are in this
case the same as in (6.2) and
@y = 2 &M (%o v+ to0,) +26M | (%, — tovy) |
a, =2eMyv,—2eM, v,
Thus we obtain
Xo = .1} bo,
bo =4 V— 40— b,
b)) v, — tovy
i TNk o Res T (6.,)
4 to (vx o Uz)
o (2ao+ a blz Uy +22 ay tov,
4 (v + v,)

The calculations of the magnetic parameters of a sheet where we know a
component F can thus be done in the same way as in the cases when the compo-
nent X or the component Z is given. The first step is to compute the values of the
parameter functions a,, a, be, b, according to the expressions (6.3) and (6.4)
and the second step to use these values to compute %,, f, e M, and eM | with
the aid of the formulae (6.;).

When F — X we have v, =1, v, =0 and when F = Z, we have v, =0
and v, = 1. As is easily verified the equations (6.6) and (6.;) revert in these
cases to the corresponding expressions in (6.2) and (6.5).

GIVEN X AND Z.
On solving the parameters ¢, and ¢ M | from equations (5.1, 5.2) we obtain
26‘M// = — (x— xo)X+tZ,
2e6M | =—tX — (x— %) Z.
For two datum points (1 and 2) on a horizontal profile line we thus obtain
—(r— %) X1+t Zy=— (%2 — %) X0+ tozz,}
to X1 + (62— %) Z1 =t Xa + (%3 — %) Za.
x, and £, may be solved from the two above equations and then e M, and eM |
are immediately obtainable from equations (6.5). The following expressions for
the parameters are obtained
il »(X1 = Xz) (#:X1— %, X) + (Z1— Z,) (012, — sze)
(X1 — Xo) + (Z.— Z,)?
o = 5) (NuZ, — X, Z))

S TR e R Ty

0

Pt TesiemE e 6.5)
2 or, = %) [Xa (X0 + Z) — X\ (X1 + 23] €5
: TS AR e
e (Xs + 20) — Z,(Xi + Z)]

PR R AT
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The magnetic parameters of the sheet are thus unambiguously fixed in this
case.

It exists a simple relation between the values of X and Z for the points on
the profile line. To show this in a more general way we assume that the compo-
nents of the anomaly field of the sheet are X — AX and Z — AZ, where AX
and AZ are constant quantities of correction of the given X- and Z-values.

According to the equations (6.s) we may write

2eMy = — (% — %) (X — AX) + 4(Z — AZ),}
2eM| =— (x — %) (Z — AZ) — t(X — 4X).
Putting X = X, and Z = Z, in the head point ¥ = x, we obtain
2eM) =t(Zy— 42Z), 2eM| =— t(X, — 4X).
Inserting these expressions in the above equation we find
to X — AX Z— AZ
o 2o Ay

and arrive to the relation
X—4A4AX) (X — X))+ (Z—42) (Z— Z,) = 0.
This expression may be written

X—a2+ (Z—0b2=nr, l

where a =1 (X, + 4X), 6
TR T e e s e (6.10)
r=a+ 0+ X, 4X — Z,4Z. [

On using the relations

9 q
_E‘M——}—AZ,

Xo=—2—=+4X, Z,=

fo 0
the expressions (6.70) may be transformed into

i __811{_1_

+ A4 X,
to
b= @{L/—F’JZ, (6.11)
to
v riMs
to

Thus, if the X- and Z-values at every point on the profile line are represented
by a point in an X Z-diagram, the profile curves of X and Z correspond in this
diagram to a circle. The centre of this circle has the coordinates X = a and
Z = b, and the radius is 7.

§ 7. General cases.

Let us assume two coordinate systems (x, v, z) and (x', ¥’, 2') with a
common origin. Further, that the xy-plane and the a'-axis are horizontal,
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and that a sheet is orientated in the latter system as in Fig. 2.1. In addi-
tion, we assume that the corresponding positive axes of the two systems
form acute angles.

The coordinate system x’y’z" can be transformed into the xyz-system by
turning the system first an acute angle (-y) around the x-axis and after that
an acute angle (-«) around the z’-axis. We reckon these angles in relation to the
xyz-system, and in agreement with the definitions in § 1. Then the following
relationships hold between the field components in the two coordinate systems

’

X =X cose— Y sina cosy+ Z' sina siny,
Y =X sine+t+Y cose cosy—Z' cose siny,  .... (7.1
Z=Y siny+Z cosy. l

As the sheet is assumed to have infinite length Y’ = o. The coordinates of a
point are determined by equations which are completely analogous to those
shown in (7.r). For the following, however, direct expressions for «/, ¥ and 2’
are required. These are

' = x cosa -+ v sine,

— % sine cosy + y cose cosy -+ z siny, ¢...... (7.2)
= x sine siny — y cosa siny — z cosy. J

’

a2 R
[f

Suppose that the intensity F is known at some points situated on a sloping
profile line in the ¥z-plane through the origin. If the point of intersection of the
profile line with the z-axis (head point) is denoted by z, =— ¢, it is obvious
that the equation of the line is

2=—1t=—1t,—x tan f.
If the origin is moved along the x-axis to the point x = x,, ¥ is to be replaced

by (¥ — x,) in the expression above. Since the chosen profile is defined so
that y = o, we obtain, according to (7.z).

%' = (v — x,) 008 @,

: . .34
2 =—1t =(x— x,) sin & sin y— cos y [t, + (¥ — %,) tan f]. (7-39)
The latter equation may also be written
¢ = cos y [to + p(x — %0)],| ooy

where F=tanf—smatan y. | 7000 4

With the aid of the equations (7.r), we obtain
F=vX +v,Y +vZ

= X’ (v, cos @+ v, sin @) + Z’(v, sin & siny — v, cos @ siny + v, cos )

TS, 7 ) ' i ! ! ‘

=X'v, + Z'v,. b i)
where v, = v, cose + v, sine,

v, =v, sine siny—v, cosa siny -+ v, Cosy,

are the direction cosines of F referred to the x’ - and 2’-axes.
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Equations (5.1) and (5.2) are clearly valid for X', Z’, " and #'. As x,"’ =0
the equation (7.4) may be transformed into

28 (eMyv', — eM | V') — 24" (eMyv'. +eM | v',) —t*F =xF ...... (7.5)

In the following we use the equations (7.3), (7.4) and (7.5) by generalising the
interpretation methods earlier treated.

GIVEN ONE COMPONENT (F).

If we replace ¢’ and x" by the expressions in (7.3 b and a), the equation (7.5)
assumes the form of the interpretation equation, if we put

o % (eMyp< +eM v;) cos @+ (f—p%o) (M —eM ') cosy
: u* cos a cosy :

g —— 2 EMyve +eM,v,) cosa— p(eMyv, — eM, v.) cosy
U* coSa cosy

x‘, cos @ -+ (fo m) coszy

b() B —_———— =3 N eoae b
1* COS @ COSy
J, oM 08 bl - Py Oy i
,u2 Cos @ Cosy :
2 2 2
where u?® = R i =Y p= tan f — sin & tany,
cos « cosy
v’ =1, cosa-+v, sine,
v, =v, Sine siny —v, cosa siny + v, cosy.
From equations (7.6) we obtain
2
lo— !2* V—45b,— 82
b, , p cosy
xO o SR 0>
2  utcose )
(\7-7

ot Qo+ 3,b) 0 005 o cosy)—2auta 0 cos a—p, cosy)
-l 4t0(1 2+U/2)
#2 (2 ag+ayb,) (v, cos a—pov,” cosy)+2a,t, (v, cos e+ pov,’ cosy)

4)"'0 (vxlz + z"z,z)

811[J_ o

The formulae (7.5) indicate the general expressions for the parameter func-
tions. u? is always positive since « and y are acute angles by definition. The
expressions for b, and b, do not contain v, and v’,. Thus for a given profile line
these two parameter functions have the same numerical values no matter what
direction is chosen for F.

According to (7.;) there are always two solutions to #,. These have the same
numerical value but are opposite in sign. For each of the two values of £, there
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corresponds a series of unambiguous values of x,, eM) and ¢ M . When inter-
preting measurements are carried out above ground, 7, may generally be as-
sumed to be positive. Hence in this case as well as in other cases where the
sign of #, is known, the above mentioned parameters are all unambiguously
determined.

In order to calculate x,, o, €M, and e M | from formulae (7.) it is necessary
to know, besides the parameter functions, the angles « and y. The slope angle
() of the reference line and the direction cosines vy, vy and v, obviously can be
considered as given quantities.

As regards « and y, it is frequently possible to determine these angles direct
and with sufficient accuracy from the anomaly picture in the present magnetic
chart. Should it not be possible to do so, there exists the possibility of deter-
mining « and y by treating the data from a second profile line on the magnetic
chart in the way described above. If this second line is situated in a vertical
plan parallel to the first line and if in this case the quantities are denoted with
a dash ('), we may write

Ry tmy S Ry s — )

’

y cos @ y

i ’

where h, and 4, are the elevations of the head points on the reference lines:
and y' is the y-coordinate for the vertical plane through the second line. With
the aid of these equations we may calculate the angles « and y.

GIVEN TWO COMPONENTS (F AND G).
We put
to P cos y
a="2and b =% —@——", iieoieiaciiions (7.8)
w? CoS @

where p?and p is given under (7.6).
Then we may according to the expressions (7.3) for a point x1 write

4/ =a cosa + (x; — b) p cosy,

’

% = (% — b) cosa— ap cosy-
If we apply the equation (7.5) to the values F; and G; in the point x; and
further eM ), and eM | are solved from these two equations, we obtain

2eM), (v, u,'—v,u') =—F,(t'u. + x'u,) + G’ iv'c + %'v.)
=a(4,6;—A,F)—b (B,Gi—B,F) +

+ x; (B,Gi— B, Fy),
2eM | (v, w'—v, u))=—F; t/u, —xu,) + G (' v, —x v,)
= a(B,G;—B,F)+b4,6,—A,F) —

SRS (AVG'\ _ AuFi)y

where 4, =19,/ cosa —v,'pcosy, B,=1v/p cosy +v, cose,

A,=u cosa—u,'pcosy, B,=u'p cosy+u, cosa.




v

(u'_fﬂ%-u',""') (Fzy—iF;)z—l—(v'x"‘-i-;'f) (G:—G,)2—2 (vx'ux’—l-vz'ul;)'(Fz—Fl) (Go— G

5 74,12)-(F2—F1) (%2 Fs— 2. Fy) +(v' 2 + v',:z) (G:—Gy) (%2 Ga—11 G1)—
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For two points, corresponding to 7 = 1 and 2, the following formulae may be
derived from the two equations above

('U.\',uz ,_'Uzluxl) (xZL_xl) (Fle_Fngl)

cos
el
COSs

b=x0

(“’xi‘*' %’zé) (F2_Fl)2 + (b’xz e Ulzz) (62-61)2*
cu +v,'u,’) [(F:—F1) (szz—lel) =+ (Gz*Gl) (szz—xJ:{“]ﬂ
(Ux,u.\','I_vz’uz’) (F2_F1) <G2—Gl)

—

-2

If (@) and (y) are known, we may calculate v,’, v,’, %,’, #,” and further # and
u* with the aid of the expressions (7.6) as v., Uy, Uz, Uy, Uy, 4, and (§) can obvi-
ously always be considered as known. In this case, thus x, and £, may be cb-
tained from the above expressions (7.rz). The quantities eM yand &M | may
then be calculated from the equations (7.10), if in the latter are inserted the
values of #';, #";, F; and G; that correspond to 7 = 1 or ¢ — 2.

The relation between the two components F and G along a profile line may
be represented graphically by a curve of second degree. To show this, we
denote the values of F and G at the point ¥ = x, on the datum line by F, and
Go. According to (7.70) we obtain

2 eM), (v/u, —v,'u,") =ty cos y (—u,'Fo+ v, Go),
2eM | (v/u, —v,'u) =ty cos y (— u, Fy -+ v, Go).

With the aid of these expressions we may arrive from (7. 10) at the relations

e A ' (F—Fo) —v, (6—Go)
to cosy  —F (pu,’ cos y+u,’ cos @) + G (pv,’ cos y + v,’ cos a)
w, (F—Fo)—1v, (6—Go)

—F (pu, cos y—u,' cos &) + G (pv7 cos ¥ —1,’ CoS ¢ )

From this we obtain

F (F—Fy) (W' 2+4' )46 (G—Go) (v 2+ )+ F (G—Go) [75 g

COS «

(i'xluz’ S "'-"z’u.\',) SO

cos y
cos «

— (v, u, +v,'u,) ] —G (F—F,) [

(vx'uz'-z*z'ux')—k(v_\’ux'+vl'u,')]=o. . (7.12)

The above equation is a quadratic equation as regards F and G. Further-
more these components always have finite values, except when the datum line
runs through the edge of the sheet. In the latter case F and G may be of infinite

magnitude only at the point at which the datum line cuts the edge line. If in a

. (7.21)
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rectangular coordinate system, with F and G as absciss- respectively ordinate-
axes, each pair of values of I and G is represented by a point, the F- and G-
curves valid for the datum line will correspond to an ellipse or circle according
to equation (7.r2). The latter will occur when

2,2+ 0, =u/?4+u,? and v./u. '+ v,/u’ =0

If the mapped values of F and G that form the basis of the construction of
the “relation figure” differ with constant values AF and AG from the real
anomaly values of these components, we still obtain the same “relation figure”
but its centre is displaced. If the real values are F — AF and G — AG the
centre is removed at a distance AF in the direction of the F-axis and at distance
AG in the direction of the G-axis.

§ 8. Calculations from &M, and &M .

In the following we make use of formulae given in § 3.

As T and the angles 7, , @ and y are given, we may also consider 7" and the
angles ¢" and v; as known, since the latter quantities can be calculated with
the aid of the equations in (3.2). The case is analogous as regards I',, &', ¢, v,,
when I,, %, y and 9, are given and concerning ¢’, when g is given.

The calculations are based on the formulae (3.r), which we write

exT" cos ("' — @') =eM;(x + =N)),
exT" sin (i — ¢') =eM | (1 + =N ).

At first we treat the simple case, when 4 7% < 1.

A 4dax<l.
As in this case the quantities 2N, and N | can be omitted, we obtain from
(8.7) the formulae

tan (i — ¢) stl, l
&M/,‘ l .................. (8.2)

exT” = V(M) + (eM,)® = eMy.

With the aid of the above formulae it is possible to calculate ¢ and &, when
we know the magnetic susceptibility (x) and the natural remanence of the
sheet material. If only 2" and ¢’ are given, it is possible to calculate ¢ and the
product ex.

We separate the following two cases:

a) The natural remanence has the same direction as the earth’s normal field,
e i =14 and k' =k.

From the value of (:" — ¢), obtained from the first expression in (8..), it is
possible to determine the angle ¢ with the aid of the relation

cos ¢ = cos ¢’ Cos y.
Further the second equation in (8.2) gives

ex (1 + &) =8AIT.

’
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b) The dip angle (p) and the product (ex) are known.
As the angle ¢’ can be considered as known, the equations (8.2) give the values
of 7"/ and 7. From these quantities we arrive to 2’ and y’ with the aid of the

formulae
o = TII 2
=5+ (—T'> > l
Sn R G s (8.3)
7" sin z ST 1
tan 1p o
T" cos ¢ — T' cos & )

B. #Nj and =N, can not be omitted.

The two equations in (8.r) contain three independent variables, viz. %, the
product 7"’ and the angle (" — ¢'). If one of these variables is known, the
other two can be calculated with the aid of the following formulae:

1) »% known.
eM, (1+x=N,)

tan (i — ¢’
( it eM,(1+ %N’

: e (8.4
o VM) (L4 %N + €M) (1+ =N )
%
2) eT" known.
_ Ny N (M )+ V Ty (€M) — (eMyeM )* (N —N,)*
€T")— (NyeM))*— (N eM )* (8.5
Sl (oA
eM); (1 + =N))
3) The angle ("' — @) known.
= SAI_L — EA.’[// tan (1;" == q/)
N// 81‘1// tan (1:" e (p') — ZV_L EI‘IJ_
eMsin (1" —¢') — eM cos (1" — ') ; (8.6)

- — NJ— gM_L cos (i” T (pl) S N// 811-’[// SiIl (i” S (p,)y
eMyeM, (N, — N))
N,eM | cos (i""—¢') — NyeM; sin ("' — ¢)

exT!=

We separate the following two cases:

a) The natural remanence has the same direction as the earth’s normal field,
Liess—gankk —k

When % is known, we obtain ¢ and ¢(x + %) with the aid of the formulae
(8-4)-

When e7” = eT'(x + k) is known, x» and ¢ can be calculated from the equa-
tions (8.5).
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When ¢ is known, » and &(x + &) are obtained from (8.6).

b) The dip angle (¢) and the quantities (%) and (¢) are given.

From the formulae (8.4) we obtain the values of 77" and 4'’. After that we
can calculate £’ and the angle " with the aid of the expressions (8.3).

§ 9. Characteristic properties of the anomaly field.

From the above (§§ 6—7) we have seen that the interpretation equation
(6.r) may be regarded as the general equation for the anomaly F along an
arbitrarily chosen straight line. On the other hand, if the interpretation equation
is to refer to a real sheet the parameter functions must be real and in addition
it is necessary that the expression — (45, -+ 3%) is> 0. From these premises
we deduce in the following some general characteristic properties of the anom-
alous field along a straight line.

EXTREME POINTS.

According to the interpretation equation (6.r) the x-coordinates of the
extreme points are governed by the condition

dF — ale—-Zaox—q!lgp—{-aob{

dx (42— byx— by)?

If the denominator in this expression is zero F = oo, Apart from this special
case, and if the coordinates of the extreme points are indicated by the suffix
(¢) we obtain

for a;==0
O TR AR Y
— aq + Va, + aga,b, — a,b,
HeiTr B )
a, \
{

3 Eas e SRR A (91)
Fe o 1 P le: e
2%.—b ~Ray— @by £ 2V ag-a, 0, b, a1,
and dor a4; =0
Xe = bl: l
2
............ (92)‘
Fe=—f,ﬂ9 Bl 4aoﬁ- ‘
Ze + bo 4 b, + b,

When a, = 0, one extreme value (maximum) of F is always positive while the
other extreme (minimum) is always negative. When @, = o, the extreme is a
maximum if @, is positive and a minimum if @, is negative.
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Fig. 9. 1. Positions of the extreme points (M and m) and the points of inflexion (I,, I,, Iy) on
a magnetic profile curve of F.

Possible positions (0 — [X], O’ — [X'] and 0 — [Z], O’ — [Z"]) of the sheetif F= X or F=Z
and the magnetization of the sheet has the same direction as 7.

According to the interpretation equation the abscissa (x,) of the point (4)
on the profile line where F =0 is

=2
ay
Thus it is apparent from the first equation in (9.r) that the point (4) is situated
midway between the points of maximum and minimum values of FF. When
a; = 0, F does not assume the value zero at any point but approaches this value
asymptotically as x — oe.

Consider a straight line (E) joining the two extreme points on a curve in a
diagram, as in Fig. 9.r. If we designate the coordinates of the maximum and
minimum points by suffix (1) and (m) respectively, the equation for the line E
may be written

Fealu "Fe R,

X — XM X — %
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On inserting the expressions for the coordinates of the extreme points, ob-

tained from (g.1), in the above equation, it may be converted to the form

e 2 a,x+ 4 frlojj {llbl
4 bo + b;)

This line intersects the curve of F at the extreme points as well as at yet another

point (B). The coordinates of this third point of intersection are

by
IbiST
2
y .
Fl)IFhI+Fxx\:_ 1(10+"'_(_l~1.7b71 l ( )
lbo—*}—b; (>o- 9.4
__otM (:v[gs a+ pv, cosy) —eM | (v, cos @ —fg,’ cos ) l
to cos @ cosy J
The line E also intersects the x-axis in a point (C) whose coordinate is
Repises b 2 = g [‘)1 = 2 Xy — Xp, l
T el S B e e s (9.5)
or Ko — Xg = Xy — %p. [

This obviously implies that the points x, and %, on the x-axis in Fig. 9.r are
situated at the same distance from, but on opposite sides of the point (4),
where F = 0.
When a = § =y = o we obtain
Xy = Xy,
My, — M {0 s\
A O el —U'.[ 9.6)

to

The total amplitude of the F anomaly along a straight line is

R e 2 ay (o —x) S 4 \':li+aoczlbl~af£{ql
e b x5 b TR o
2 FA‘IT‘ : { DTS 7
e o amig
fl‘ ]

Ycos @ cos y
p

and the edge of the sheet and sin v = \/L‘,i +¢',, where v is the angle bet-

ween the direction of F and the edge of the sheet.

Thus, for a given sheet, the total amplitude of the anomaly (F) along a certain
arbitrary straight line is equal to the double product of the thickness (¢), the
total moment (M) per unit volume and the sine of the angle (v) between F
and the edge, divided by the distance () between the profile line and the
edge.

3—482318. S. G. U., Ser. C, N:o 508. Werner.

where 7| =1, is the shortest distance between the profile line
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PoINTS OF INFLEXION.
S ade : : s : :
The condition T e 0, applied to the interpretation equation, gives the
x

following equation for determining the abscissae of the points of inflexion (x;).
8:2° + 3as2® + 3 (4,5, — @oby) ¥ = @yboby — @g(bs—B2). .iinninnnn.. (9-5)

For a; =0 we obtain the values of

L} [bl g \ 41’02‘“?} i \/__ ibﬂ,;r b l

3(10 3‘|

itk
In this case, there are thus two points of inflexion, situated symmetrically in
relation to the extreme point and having the same value of F.

. If a, = 0 there are always three points of inflexion. To illustrate this move
the zero point on the x-axis in Fig. 9.z. to point A. This implies that a, = 0
and that equation (9.s) assumes the form

2%+ 3 box = by b;.
2 42 2 4 —L- 2
This equation has three real roots when 4] -+ b°Tb‘= bL(b%b’) 5
This condition is always fulfilled since (4 b, + b;) must be negative in order
that the magnetic parameters of the sheet be real.

It is also possible to show that the three points of inflexion are always situ-
ated on a straight line (/) .in a diagram according to Fig. g.r. If we put
F = Ax + B in the interpretation equation, it is possible to determine 4 and
B so that the mentioned equation becomes identical with equation (9.s). For
the /-line we obtain the equation

Further for both values of x; we obtain F; = —

0.

a,x +3a,+ a, b,

F=— RN e s e :
4y + b, ey
This line intersects the x-axis at the point (D), where
3
i L eI ee S e (9.21)
ay
and the E-line (equ. 9.3) at the point 7. This point has the coordinates
Xl ﬁlg =X,
a,
............ (9 2)
2a, + a,b, 1 ;
B (460 =+ bf) e

Thus the 7-line in Fig. 9.7 passes through the point of intersection between the
E-line and a line through point A4, parallel to the F-axis. It cuts the x-axis on
the same side of A as does the E-line, but at a distance from A twice that to
the point C.
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It is hence possible to construct the line on which the points of inflexion are
situated, knowing only the positions of the extreme points.

§ 10. Graphical interpretation.

We are only investigating the case in which the edge of the sheet is horizontal,
and in which the F-curve may be referred to an orthogonal horizontal profile
line, i. e. @ = f =y = o. The following is to be taken in conjunction with the
description of the characteristic properties of the anomalous field (in § 9).
%, however, is to be replaced by x,, since these quantities are identical on account
of the above assumptions for @, f and y. Further, the notations for the ab-
scissae are also used as designations of the corresponding points on the x-axis.

In the following we treat the methods of graphical interpretation for a number
of special cases.

a) GIVEN THE POSITION OF THE TWO EXTREME POINTS (M AND m).

As has been shown earlier we have

o=} by #a=—22
ay
If we take the point x, (point A in fig. 9.r) as origo on the x-axis, ap = 0
and x. = — by (9.z). Thus we may write
fo'=s :t\/— bo (bl) =4 Vor—2) — (o — %) oieiiiniinins (10.2)

The point x, (A in Fig. 9.z), is situated half-way between xy and x,. On
drawing the E-line we obtain the position of point x, by marking off from
A the distance to x. in the opposite direction.

Further (comp. r0.r), if we describe a circle (see Fig. 9.r) with centre in 4
and the radius /¥y — &,/ = /¥m — %/, and then draw a normal to the x-axis
through x, the edge of the sheet is situated at one of the two points O and O’
at which the normal cuts this circle.

According to (9.4)) we have
2a0+a1b =21 (Fy+Fa) =24 F,
and according to (9.r)
= (22, —b) F,=2 (x.—0) F..

On inserting these expressions in equations (7.;) we obtain

A tthv,-——Z‘}(xe—ixo) Fepf,
2 (v, + ;)
.............. (ro.z)
toF},'U + ( Xo)F 'l),
i Bt e N R R
2(vy+ )

where x, and F, refer to the same extreme value; but immaterial whether it is
a maximum or minimum. The quantitites F,, and F, = I y + F,, are given.
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The quantities # and (x. — %,) obtained from the construction diagram (Fig.
9.1), are to be given their appropriate signs.

The ratio LA e S L

My oy, + (%) v,
When F = X; i.e. v, =1, v, =0, the ratio

M S
L xt‘—‘f 7—x9, .................... (IO 3)
M, to
and when F =Z, i.e. v, =0, v, = 1, the ratio
M ¢
e e e R (10.4)
M‘,v,' Xa— Xo

Further, if the directions of the permanent and induced magnetism of the sheet
coincide and if 4 7% <1 we have according to (8..) that

—==tan (&' —¢).

The dip of the sheet may hence be estimated from an X- or Z-curve according
to the following simple rule. Rotate the angles x,04(x,0'4) and 4 O P (4 O'P")
in Fig. 9.z (O P and O’ P’ are parallel with the x-axis) round their apices at
O (0’) until the side O 4 (0'A) coincides with the direction 7”. Then the posi-
tion of the sheet is given by the line Ox, (0'x,) if F = X, and by the line O P
(O'P’) if F = Z. In this way the dashed lines [X] and [Z] originating in O and
the lines [X'] and [Z'] originating in O’ in Fig. 9.; have been obtained. Thus
these lines indicate the two possible positions of the sheet if, by chance, the
F-curve reproduced in the diagram should represent the course of the field
component X or Z. It must, however, be emphasized that the above holds
only on condition that the sheet fulfils the magnetic requirements stated
above.

b) GIVEN FOUR POINTS (%,F, %" Fy, %.Fs, %y F;), HAVING PAIRWISE A
COMMON VALUE OF F.
The following notations are used:
xg=%,—(x1+x1'), xg’ =%}(x2+x2').

The point x, is hence situated midway between points x, and x,’, and x,’
midway between points x, and x,’. In the following, when carrying out the
graphical constructions, we assume the points x, and x,’ to be plotted already
in the construction diagram.

According to the formulae (76.3) we have

2 (2'12’1, —‘xﬂ?’z’)rFl F,

%1% Fy— xzxz’Fz
@y = S Ry N e Ll

F,—F, F,—F,
. 5 e e (zo.s)
o= 2= %) FuFy 2 (P —x ')
B By R
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Thus we obtain from the above expression of b,

(xg o xg,) Fz

=i
.\'0_“.'\g—., [)1’_‘xg=
Fl"‘Fg
S s SRR (10.6)
e ’ F
’ 1 ’ ("g xg) 1
et L el P ey o
==y
Xo— X, F
DD R e R e e R (o)
’
Xo—%; Iy
Further
@y X%y — Koy
Xyg=— — = ———

5 )
a; 2 (xg— %))
where (x, — x,') is invariable with the chose of fiducial mark on the x-axis,
as this expression is a distance between two points. Consequently, we may write

(6 — ) (1" — 1) WSl lm )

xn_xl:’f‘”'" R e = ’
2 (%g— %) 2 (%,—x,)
L (e —w) (6 —x) r (1 —2) (3" — %)
¢ ST 1y ) e = e ST Xy Xg *'?7«7 e
2 (%g— %) 2 (=)
Hence
Za—% % — % Ta—% % —x)
R T S S A
; Bl LR (ro.s)
T e T Xa— X1 __Xe— X1
N R . ST AR S ST
Xa— X2 X1 —— X Xa— X2 Ly X
If the origin on the x-axis is displaced to x,, we have @, = o and 22 = — b,
(comp. 9.z). Thus, according to (ro.;),
(0 — 2,) (% — x) — (¥ — x) (¥’ — %) =0
and
b= =l M — = xa e — ) S e A T00)
From (z0.5) and (ro.s) we obtain
ay = — 2(%y — %) F, = — 2(% — %) F,.
Hence
’
a Xo—X Xo— X,
O e e B 3 MR B SRR (10.70)
2% —b %—x, Xo-— %

The formulae (r0.7—10.9) allow the determination of the positions of the
points x,, x“ and x, by simple graphical constructions. After that the position
of the edge and eventually the dip angle of the sheet, may be determined in
the same way as given earlier in the case a).

The quantities F, and F, = Fy + F,, may be graphically constructed ac-
cording to the formula (z0.r0). It is then possible to calculate M and &M |
from the expression (10.z).
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Fig. 10.1. Determination of the points %, x, and x, by graphical constructions based on four
given points (marked with full circles) on a profile curve, viz. two points hawing F = F, and
two points having F = F,, where F, and F, have the same signs.

The graphical constructions are made as follows:

We first determine the position of x,, x, and x.. This is illustrated in Fig.
10.7 for the case of F, and F, having the same signs, and in Fig. 10., for the
case of F; and F, having the opposite signs.

Determination of x,. Plot point (G,) having the coordinates x," and F,, and
the point (G,) having the coordinates x, and F,. Draw a straight line through
(G,) and (G,). From equation (ro.7) it is apparent that this line will intersect
the x-axis at the required point x,.

Determination of x,. It is sufficient to use one of the four equations given
in (zo.8). The constructions in Fig. 10.1 and Fig. 10.2 are made according to
the fourth equation. Thereby the points N, and N, have been marked off on
the normals through x," respectively x,’. The distance from x," to N, is equal
the distance between x,” and «x,, and the distance from x," to IV, is equal the
distance between x,” and x,. The straight line through the points N, and N,
cuts the x-axis in the required point «,.

The quantities (¥, — #;) and (¥, — x,) in the fourth equation (as the
corresponding quantities in the other three equations) under (zr0.8) have always
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Fig. 10.2. Determination of the points #,, and x, and z. by graphical constructions based on
four given points (marked with full circles) on a profile curve, viz. two points having ' = F,
and two points having F = F,, where F, and F, have opposite signs.

the same signs, if the signs of F, and F, are equal, and the opposite signs if the
signs of F, and F, are opposite. Thus the points N, and N, shall be plotted
to the same side of the x-axis in the former case (Fig. 10.1), and to opposite
sides of the x-axis in the latter case (Fig. 10.2).

It is of interest to state that without x,, only the x-coordinates of the datum
points enter the formulae (ro.8). This fact implies that we should obtain the
same position of x, by the graphical construction, even if the given anomaly
values were (F, + AF) and (F, + AF), where F, and F, are the real anomaly
values and AF is a constant quantity. The F-curve in Fig. 0.1, for example,
should in the mentioned case be displaced a distance AF upward or downward
in relation to the x-axis, but the construction lines for x, should be the same.
On the other hand the constructed position of x, as well as the cutting point
between the F-curve and the x-axis should be changed.

The facts mentioned above may be used to determine the quantity AF in
the case where uncertainity exists as to the real zero-level of a measured
profile curve of F. Thereby we may first construct the positions of x, and x,
in the way given above, and after that draw a normal to the x-axis through
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F‘?/:
L~

Fig. 10.3. Continuation of the graphical interpretation from Fig. ro.r. Determination of the
points xn, %,, 0, 0, M and B.

%,. This normal cuts the F-curve on a distance AF from x,. On displacing the
¥-axis in the construction diagram to a parallel line through the cutting point
mentioned, this new x-axis gives the right zero-level of the F-curve and cuts the
line through the points G, and G, in the real head point x, and the F-curve in x,.

Determination of x. is made by marking off from «, the distance to ¥, in the
opposite direction (corap. § g).

The graphical constructions described below are illustrated in Fig. r0.3,
where the F-curve and the given datum points are the same as in Fig. 10.1.

Determination of xy and x,. Describe a circle (1) with centre x, (or x,')
passing through point x, (denoted 4 in Fig. 10.3), and draw a normal to the
x-axis through x, (resp. x,) or x," (resp. x,'). This normal cuts circle (1) in two
points (R and R') and the distance between point R or R’ and the x-axis is,
according to equation (r0.g), the same as the distance between x, and x,.
On drawing a circle (2) with center in 4 and a radius equal to the mentioned
distance, this circle cuts the x-axis in xy; and x,,.

Determination of the position of the edge. On drawing a normal to the x-axis
through x,, the edge of the sheet is situated at one of the two points (0 and 0),
where the mentioned normal cuts circle (2).
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Determination of the points M and B. The maximum point (}) of the F-
curve may be determined with the aid of one of the two points

S, with the coordinates: x = %, + (¥ — #m), F = Fy,
and i Sgriy » » 1x =%+ (%' — xu), F =F,

We obtain the position of S; by marking off the distance (x; — xy) at the line
F — F, from the point of intersection (Q,) of this line and the normal through
X, S, is situated at the line F = F, at a distance (v, — xy) from the
corresponding point of intersection (Q.).

By drawing a straight line through x, and S,, and another line through .’
and S,, we find that both these lines cut the previously mentioned normal
from x, at a point U. The F-coordinate of U is according to (z0.70) equal to Fy;.
As ¥y is known we can now plot the point M in the construction diagram.

As the points M and x, are known it is possible to draw the E-line. The point
B which indicates F, is identical with the point of intersection between this
line and the normal from x,.

SPECIAL CASE. GIVEN AN EXTREME POINT (M OR #) AND ITS CORRESPONDING
POINTS (H AND H') OF HALF-VALUE.

We have: Fy =2F, =F, % =% =% %3 =2%n % =%, % =~%
!

%g =1 (% + %)

The equations (z0.;) and (ro.s) may hence be written:

! .
Xg oK (xg T 'q'e)’ ]
4 .
Hy— %y X — g Ky— Xy Bn— g [ wsessnen (ro.zrr)
; Jeviamen. i
Xa — Xp Ke = Pn  Kg=—%h Xe — Xn J

After the determination of the points x, and x, according to the equations
above we obtain immediately point x, by marking off from x, the distance
to x, in the opposite direction on the x-axis. The remaining graphical con-
structions are identical with those in the case a).

The well-known thumb rule that for a Z-curve £, = - /,(x, — #;,") includes
an approximation. The error caused by this approximation is illustrated in
Fig. 10.4. There the graphical constructions are based on the first equation
in (ro.rr) and the formulae

o~+\/—bo () = V= (1 — 2o’ — ) — (®0 — %,

&~

X — xg’ = — (xe — xg,)’ . (10.12)'

’
b ] it e
gt R ~Xe)

Xe — Xk
The first formula above is obtained by using the expressions of b, and b,

from (ro.5) and choosing x, as fiducial mark. The second formula defines the
point x, which is used by determining point x, according to the third formula.
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Fig. 10.4. Constructions by graphical interpretation based on three given points on a profile
curve, viz. one extreme point (M) and its corresponding points (H and H ’) of half-value.

The graphical constructions may be performed as follows. From points x,
(¥m in Fig. 10.4) and x," mark off the distance between these two points in
opposite directions on the x-axis, from where we obtain the positions of x, and
¥y, respectively. Draw normals to the x-axis through «x, and x, and describe a
circle (1) with center x,’, passing through x, and x,’. Further, draw another
circle (2) with center x,, passing through the points of intersection (R and R')
of circle (1) with the normal from x.. Then the edge of the sheet is situated at
one of the points (O and 0’), where the normal through x, cuts the circle (2).

Draw a straight line through the points xy and R (or R’). The normal to this
line through R (resp. R’) intersects the x-axis at x, (4 in Fig. 10.4).

According to the thumb rule mentioned above, #, should be equal to the
distance between x," and x;, in Fig. 10.4. The real value of ¢,, however, is equal
to the distance between x, and O. The graphical constructions show that the
latter distance is always less than the former, if x,” does not coincide with «,.
If ' = x,, also x, = «x,, so the thumb rule in this case is exact. These facts
are obviously valid whether the profile curve corresponds to a component Z or
an arbitrary component F.
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For the ratio between £, and (x, — %) one may derive the formula

(10.13>

The well-known rule that for an X-curve £, = 4 (¥, —«,) is obviously exact
only if x, = %, (comp. Fig. 9.1. and 10.4). In other cases the distance to the
edge is always less than the distance between x, and x,. For the ratio between
these two distances the following formula is valid, viz.




CHAPTER III.

Methods of Interpretation. Single Sheet of Finite Length.
§ 1. Modifying of fundamental formulae.

The formulae (2.s) for X and Z at a sheet of finite length are too complicated
to be used by a direct calculation of the magnetic parameters of a sheet. It
is possible, however, to give these formulae more suitable forms by expanding
in series.

Such a modification of the basic formulae involves a limitation as regards
their range of validity. In the following, simplified formulae are derived for two
different conditions, viz. ¥ < 2 — £ and a2 < 2,

A 2 <<p— g

Putting
1
S Ve 2+ 2 [t sin g+ x cos g+ Var +a+af
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the equations (2.s) can be written
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The expansion is valid if x® < 4- 2

In the same manner we obtain

D (22 + &) =my + My 22+ Mmaxt 4 Mmyx® 4 . .., where
:
F‘ Yy

l

_ — 1’],
b :
S A e W :
i ST T I L R &+ 2"

(pr/ (2‘2) 1 |
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el
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M3 =

O (g2 T wrim y 2n—1)111
s (¢ ):AA "> My cx o (n+1 \ )

n! 2 8 (7z~1)/ 9o (tz + [g)v: n+1)/2 |

The expansion is valid for a? < 2 — #.
Using the expressions (71.7) and (r1.2), we can write the formulae above for
X, and Z; in the forms

X - 1[ sre ” G hot+x -+ hox®+hsx®+. ...
D 1“

where
ho— 2 eM | (— mot + n,l sin @),
hy =2 (— meeM;+ nyl eM | sin @),
hy =2¢eM | (— myt 4+ nyl sin @),
hy =2 (— myeM; + ngleM | sin @),

and |
Z; =2 i U— Rl Ry + Byxy + Rox® -+ Ryad
.‘ 77 i_

where i
ko =2 (moteM, + nyleM | cos @), { = ‘
Ry =2¢eM, (— o + n,l cos @), ek (E-q)
ke =2 (m, teM) + Fn,le M| cos g),
ks =2¢eM | (— m; + ngl cos g),

Bt <t
Putting
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equations (2.s) can be written
- 2 l,_, : eM % 4 sJI‘J‘__t iEe
Ve + » PRI
—2(eMyx+eM, ) 1-Pg(x?) +2eM, I sin ¢-f(x),
l  eEMyt—eM | x
Ve + i Pr
+ 2 (eMyt—eM, x) - Dp(x?) + 2eM | I cos @ -f(%).

Z;=2 5

Expanding @g (x2) in series in regard to 4%, we obtain

Dy (x2) = my + My %2 + myx* + mgax® 4 ..., where
Mo — Q)B (O) = O
i 1 1
o (0) S eeRE L
1 22008 =
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n! G b 27/ (4 p)lanHint

(rz.s5)

Using the expressions (11.r) and (I1.5), we may write the formulae of X, and

Z, in the forms:
L eMyx Myt

Xi=—2 ——
Vtz_*_p X2+ 2

+ho+hix+hoxt 4R x® - ..

where
hy =2n,leM | sin @,
hy =2n,leM, sin @,
hy=21eM, (— tm, 4 ny sin @),
hy =21(— myeM;, + ngeM | sin @),
hy =21eM | (— tm, + 0y sin @),

and
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[t2 L [2 x4 g2

where

ko =2m,leM | cos g,
ky =2n,leM | cos @,
ky =21(tm,eM; + nyeM, cos @),
ky =21eM | (— my + ny cos @),
s =21(@mgeM; + nyeM | cos g),
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Put
X, =hy+ hyx+ hox®+ hyx®+ ...
Z, =Rg+ kyx + Rox® + kax® 4 ...
) : § I e (11.8)
=— M, M,"=———M,.
Ve + e \/ 2
Further, let Xoo and Zoo denote the values of X, and Z, in the case where the
edge is infinite. Let X'co and Z'co correspond to the same sheet of infinite
length, the edge- and cross-magnetizations being diminished to A," and M | ".
Using these symbols, formulae (r1.3, 1r.4) in case 4 and formulae (r1.6—
I1.;) in case B can be written

Al <22

M, =

1"

X, =X+ X, [

CERTE O aee R (11.9)
B ot

L:X@+Lw

Z[ == Z’oo + Zr'

When [is > #}2, the formulae (11.9) are valid in a greater interval of x than
the formulae (r7.70). When / is < ¢ )2, the formulae (r1.z0) have the greater
interval of validity.

It may be pointed out that the potence series X, and Z, are not identical
in the cases A and B, as the coefficients of these potence series are different in
the two mentioned cases (comp. equations 11.3—171.4 and 11.6—1I11.5).

§ 12. Generalisations. Interpretation equation.

The formulae given in the preceding section are valid for the plane perpen-
dicular to and across the middle of the edge. Further they presume that x, = o
and that the angles e, f§, » are zero.

If in the expressions of Xeo, X'co, Xy, Zoo, Z'co, Z, We exchange x in (¥ — x,),
the formulae are also valid when x, is different from zero. In this case Xco,
X'co and Zeo, Z'o assume the forms given in (5.r) and (5.2) and X, and Z, are
still potence series of x, but their coefficients are changed. The interval of
validity of these potence series is obviously in case A determined by the rela-
tion (¥ — x,)? < /2 — 2 and in the case B by the relation (x — x,)* < .

In a plane, parallel to the plane of symmetry mentioned above and cutting
the edge at the distances /, and /, from its ends, the X- and Z-components
(X, 20 Z4,4,) are influenced by the length magnetization (3 ) of the sheet.
If M is zero, or if the plane is situated so close to the middle of the edge that
the influence of the length magnetization can be omitted, we have

A. X,,=3(X,+ X)) =X +3(X,, + X,),

B. le iy == %» (le x o Xzz) = X'co + % (Xr, o5 sz),
where in case B o T e ] {——b— +— IZWﬂ{l.

M, M, e+ Ve + 1,

Analogous formulae are obviously valid for Z; ,,.

ECf—
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As regards a component F, obviously
Fz, L =Y le A = Uy Yz, % St Zlg oy
Thus, it is possible to write
As Fp e —=Feorb b
B. Foo=FutF,.,.
where in the case of Y, , =0,
Foo = v, Xoo + .20,
Floo—v, X'cc T 9,2 .
Lo e 4 L

e £ S et s el
F"l s = 9 T, 2

&

When Y, , is not zero, it is obviously still possible to use the above formulae
for F, ,, if Y, ,; can be expressed in a potence series within the interval of
validity of X, and Z, (/, presumed <I,) and F, is substituted for F, ,,.
Thereby F, denotes the sum of the two potence series F, ,, and Y, ,.

In the following, we write the potence series

B —AF L kex kot bk 2 LR 2y i (r2.1)

From the preceding discussion one can state, that in the case ¢ = =y = o,
the coefficients AF, k', k"' . .. of F, are constant along a profile line parallel
to the x-axis, and situated within or in the vicinity of the plane of symmetry.
To different profile lines correspond, however, different values of the coeffi-
cients of the potence series, since these quantities are functions of # and the
position of the profile line in relation to the plane of symmetry. Furthermore a
displacement of the zero-point of the profile line changes the values of the
mentioned coefficients.

It is possible to establish that, even in the case where ¢, § and y are = o,
the component F along a profile line can be expressed in formulae analogous
to those of A and B in the case: ¢ = f =y = o. Thus, it can be stated that a
component F along a profile line, situated in a vertical plane across the middle
(or in the vicinity of the middle) of a sheet of finite length, can be written

F:FOO+Fry

within a certain interval around the head point. In the mentioned expression
F oo symbolises the formula, valid for a sheet of infinite length, and F, a potence
series according to (r2.7). The infinite sheet has the same position as the sheet
of finite length, but the magnetization of the former sheet may be smaller.
The ratio between the edge magnetization (}/;) and the cross magnetization
(M |), however, is probably identical for the two sheets.

The methods of interpretation, given earlier for a sheet of infinite length,
can now be extended to a sheet of finite length.

Using the first # terms of the potence series F,, we can write

PoomP—F =P AP - fpi— b BN o)
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Inserting this expression of F., in the interpretation equation (6.r), this
equation can be written

A A x+ A8+ ... A FRE - aF =2F, o . iy (r2.3)

where
Ay = a,— byAF,

R g B by,
B A R
Ay =1ly— by’ —Behr", ¢ coiivaniiiiinin, (12.4)

The formula (rz.;) can be used as interpretation equation, as regards a
sheet of finite length and one given component F. This implies, that the way
to follow in the interpretation calculations is the same as that followed in the
case of an infinite sheet.

The first step is to determine the four parameters ay, a;, by, b,, corresponding
to the infinite sheet, and the n coefficients AF, kg, k' . . . ke of the potence
series F,. The data required for this purpose are taken from (n -+ 4) datum
points selected at a reference line in the way shown in Fig. 5.1. The practical
procedure to solve the parameters and coefficients mentioned above from the
system of interpretation equations, corresponding to these datum points, and
the relations (r2.,) is treated later on in § 10.

The second step in the calculations is to compute the magnetic paramelers
of the sheet. Thereby the values of x,, ¢, eM/," and eM |/ are obtained direct
from the formulae (7.-), by inserting the computed values of a,, a,, b, and ,.
For the edge magnetization (M) and the cross magnetization (M ) of the finite
sheet the following is valid:

R
1<eM,:eM)/ =eM; :eM,’ < y t'—’l—k 4,
1
where [, is the distance between the vertical plane through the reference line
and the nearest end of the edge.

From a theoretical point of view it is possible to compute the dip angle (¢)
and the length of the edge by using the values of AF, kg, kg . . . It is not prob-
able, however, that such calculations will give any real results except in isolated
cases; this being due to facts, that are going to be dealt with in the next section.

The calculation of the magnetic parameters of a sheet, where two or three
components are given, is being treated in § 17 and § 18.

§ 13. Strange disturbing fields.

The magnetic profile curves given for the interpretation are very often
influenced by fields from other magnetic bodies and masses than the actual
4—482318. S. G. U., Ser. C, N:0 508. Werner
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sheet. We divide these strange disturbing anomalies into two groups: 1) regional
anomalies, and anomalies caused by tectonic structures or bodies of about the
same, or essentially larger dimensions than the actual sheet, and 2) anomalies
generated by small local magnetic masses in the immediate vicinity of a point
of measurement. We call an anomaly according to 2) “punctual anomaly”.
It affects in general only a small area around the actual point and then varies
very rapidly in all directions from that point.

The magnetic profile curves are distorted by observation errors. The sum of
the punctual anomaly and the observation error in a point at a profile curve
(F) is in the following called “punctual error”.

From the facts given above it appears that we may write

F=F:+ Fq+ F,,

where F, is caused by the sheet, Fy4 is the disturbing field of large dimensions
and F, is the “punctual error”.

If Fy, within the interval occupied by the datum points, may be represented
with sufficient accuracy by a potence series and if F, can be omitted, then,
obviously, the interpretation equation (r2.3) is valid. In this case the remainder
field F,is composed of the difference field (F, — F.) and the strange disturbing
field Fg.

In the case where a sheet-like body can be considered to be of infinite length,
1. e. (Fy— F.) can be omitted, it is obviously possible to escape the influence
of the disturbing field F; in the calculated results, by using the interpretation
equation (r2.;) instead of (6.1).

In practical interpretation work we always have to reckon with the possi-
bility that a sheet (4) cannot be considered as having an infinite extent in
depth. As mentioned earlier (§ 2) the field from a sheet (A4) of finite extent in
depth is equivalent with the fields from two sheets (B) and (C) of infinite extent
in depth. Thereby F; may correspond to the sheet (B), and the field from sheet
(C), which has its edge at the lower edge of (4), may be contained in Fg4. This
part of F4 can obviolusly be represented with sufficient accuracy by a potence
series regarding x, valid within the actual interpretation interval, when the
distance (d) between this stretch on the reference line and the edge of the
sheet (C) exceeds a certain minimum value (d,,). Consequently, it is possible to
use the interpretation equation (r2.3) if 4 is > d,,. When d is < d,, it is
necessary to use the interpretation equation (20.r) of two sheets given in
chapter V.

The author has found that it is often more advantageous to use the interpre-
tation equation of one sheet than that of two sheets by calculating the depth
of a body, when the distance d is essentially greater than d,.

If F, is an essential part of F, the errors in the calculated values of 4,, 4, . . .,
bo, b, (and consequently in the magnetic parametecs of the sheet) may be large
when using the interpretation equation (z2.3) for a single set of datum points.
The punctual errors, however, existing at the points along the reference line
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oscillate about zero in a case of chance. Consequently, it is possible to eliminate
to a great extent the mentioned effect of the punctual errors. This is e. g. the
case if we compute by means of the method of least squares, the probable
values of the parameters of equation (r2.3), by using a great amount of data
from the F-curve within a suitable selected interval of the profile line. How-
ever, the introduction of integral functions of the F-curve in the calculations
will prove much better than the employment of the time-vasting method of
least squares.

§ 14. Interpretation equations containing integral functions of the
magnetic profile curves.

Multiply the equation (r2.;) with x* and integrate this expression with re-
gard to x over the interval x, < x < x,; then, excluding the value p = — 1
the following formula is obtained

/ xf:’“—x’;“ i .vf” -—x:H E xi»+n+z_xl,:+n+-z
% (e : T 2 e S Appy—————
p +1 p+2 p+mn+t2

FhF(p)." + b, F(p+1)*=F(p+2)7°, \
i Pl =R A bl )

fnx"F dx, F(p+ 1)-\'a =li”a #*'Fdx, a.s.o.
*b et

where F(p) * =

b

The expression above can be considered as the general integral form of the
interpretation equation (r2.3). When using this formula it is obviously neces-
sary to know F all the way between x, and x, along the reference line and not
only at some datum points as in the case shown in Fig. 5.r. The quantities
I‘(p)‘; F@p + I)z;, F(ip + 2):': can be determined by drawing up the curves
of x’F, x**'F, x’*"°F and integrating these curves over the interval
x, < x < x, with a planimeter.

When calculating the parameters of equation (74.r) we have in principle the
choice of three different ways, viz. to apply the mentioned equation for a) a
number of p-values or b) a number of intervals or ¢) to use a combination of the
methods a) and b). In the following, formulae are given for some special cases
belonging to b) and c).

1) Intervals situated symmetrical in relation to the zero point at the reference
line.

For two symmetrical intervals, one situated between the points x; and «; 4,
and the other between the points -x; and -x;,, at the reference line, the two
formulae below can be derived from (r4.7).
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2) The zero point of the reference line is chosen in the middle of the interval

T < Xe X i x

Putting x;4; = x, and x; = 0 in the formulae (r4.2), it is possible to write

these equations

X

Ao+§*'1Aﬁ?+ oL g +?+‘b4Fw%“+v4VF@ﬂ%]+

e . ] 2x+!
+§;11 by [Fp+1) + (— 1) Fp + 1), ] =
Z%:l. [PtV Fp t O ],
A+ i i e +Z _ ;Asx:+ E +;’;;:"+%b0[1:(p)” — (1 F(p)° ]+

+ 2 2 [Fipt )" — (17 Fip + 1% ] =

— PR+ — (1 Fp +2, ]

As regards the parameters of the formulae above, it is of interest to observe
that without 4, and b, only those with even indices (4,, 4, ...) are present in
the first equation both in (74.2) and (r4.5) and only those with odd indices (4,
A;..) in the second equation. This fact obviously simplifies the calculations.




CHARPIER V.

Technics of Calculation.
§ 15. Introduction.

In the following, a systematical treatment is given of the technics of calcula-
tion by using the interpretation methods derived in chapters II and III.
Thereby we distinguish the cases where one, two or three components of the
anomaly field are known.

In the simplest case, an interpretation calculation includes only the deter-
mination of the four magnetic parameters x,, #,, €M) and £}M |. In other cases
it is desirable also to compute the angles @ and p. Further it is often necessary
to pay regard to the remainder fields. Thereby, in the following, the general
case is treated where the remainder fields are determined by # coefficients
according to (r2.z).

As regards the case of one given component, the methods given in the pre-
ceding are based on the equations (6.7) and (z2.3). The former of these inter-
pretation equations can be considered as a special case of the latter and can
be used with success only when the remainder field (F,) can be omitted. The
calculation problem in this case is to devise as rational and rapid methods as
possible for computing the parameter functions a,, a,, b,, b; and the coefficients
AF, kg, kg’ ... of the remainder field.

When two or three components are given the possibility exists to compute the
angles @ and y. Further the problem remains how to compute the remainder fields.

In the following treatment determinants are used to a great extent. Thereby,
inter alia, the significations occur:

9
”“)=|1 A e "
9
“;ﬁ’ —-ll A A e s x."F‘I,
X 1 1 1 1
2 1
:Il i X eeennn x:“ ﬁ(im+ I,

where the determinants are rectangular with (m -+ 2) rows, corresponding to
(m + 2) different indices 1.
Further we signify the subdeterminant of the first order of ¢'™, corresponding

to the element in row (j) and column (m -+ 2) with c;”z' .o If the indices of
the first row are 7 = 1, of the second : = 2 and so on, we may write
i=m+2 i=m+2

(m) i F (m) L(m\ S g p]: (nﬂ

i(m+2)°’ xPF i(m+2)’

1:1 i:
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where for ¢ =
(m) j+m 2 = = .
Genin 17 (g —x) (Fa—21) -~ .. (#_1— %) Erpsime s
(.’fm+2 —‘.'\'1) (.\'3 ixz) <x4 “‘)’2) g (x.i"l S 1’2) ( A)+1 -—"\‘2) i S (-“m+?"ri)
(xm+‘_’ e xm+l) = (* l)j+m II (.Y; ‘Xq).
constituting the product of all differences (x; — x,) for all 7 > ¢ from 1 to
m + 2, with 7 =7 left out.
When we use the data of x; and F; in (m -+ 3) points, we let the determinants

(m) :

ok c'\\“}‘,)n_ and ¢™ include the rows corresponding to all (m + 3) ¢-values except
4 sl an (m) 7(m) ( s -
one for 1 =/ and signify by 4", d 3 and d ™ the determinants mentioned

when they include the rows corresponding to all (m - 3) 7-values except one

= 3 - : (m) g () : A = s
for 1 = k. Further we then let G and d}.“““) signify the subdeterminants

of the first order corresponding to the element in the (m - 2):th column and
in the row with index ¢ =7.
If F;is changed in G; or K; or some other quantities ¢, f;, g, %; in the above

determinants we signify these determinants by ¢, ¢™). ™ ™ and
3l ~ v £ PG’ ¥t xPK

SO on.
§ 16. Given one component (F).

Firstly, some particular facts have to be pointed out. It is important to state
that the values of the parameters of the interpretation equation are dependent
on the position of the zero point at the reference line. On changing the point
mentioned from one point (O) to another point (0), having x =d, the following
relations are valid between those parameters corresponding to the new zero
point (indicated by a dash) and those corresponding to the original zero point.

Putting @(x) = Ao+ Ay x +4* + ... + Ap 2™,

p(x) = by + bix — 22,
we can write
Al =gld) =Ady+ Ad+ A+ ... + Apd,
7@

=4 +24 44348+ ... +(n+1) Ao dS

A, = ‘F{

¥ :f’/i ,(21;) A 3R L BAD L

q}n+]({z)

] “In
(ﬂ = 1) +1

b =@ =t bd—a, v =Yy

It is often possible to simplify the calculations of the parameters considerably
by a suitable choice of zero point at the x-axis and of calculation points on the
given F-curve. For example, if we take an extreme point (x.F,) as calculation
point, we find by differentiating the interpretation equation that
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Ay + 243, + 342+ ... +(n+1) Apsr ] +6,F, =22 F..
Putting x, = 0, the extreme point gives us the two relations
Ay + beF. = 0.
A, + b F, =o.

In treating actual interpretation problems, the possibility of choosing the
positions of the calculation points from a point of view of facilitating the cal-

culations varies widely from case to case. The field measurements available
may have been made at such distances from each other in the terrain that the
positions of the extreme points on the F-curve cannot be fixed with sufficient
accuracy. Also magnetic fields from disturbing bodies in the neighbourhood
of the sheet may so distort the magnetic picture that only F-values from
limited portions of a measured profile line can form the basis of the inter-
pretation calculations. The qualification that the basic points are to refer to
points in the terrain lying along a straight line, may restrict the choice of
calculation points, if the ground is broken. It thus appears from the foregoing
that the technique of calculating the parameters must be suited to the nature
of the observation data at hand.

SIMPLE CASES.

Below there are treated some cases of great importance for the practical
work.

1) Four calculation points (x,Fy, x%1'Fi, %5F,, %o/ F,) having pairwise the
same F-value.

Since the interpretation equation (6.z) is of the second degree in ¥ and for
F = F,, and F = F, must be satisfied by x, and x,’ respectively x, and x,’,
we may write

Fi(x — x,) (x — %)) = 2*F; — x(a, + b Fy) — b Fy — ay,

Fo(x — %3) (x — x5) = 22F; — x(a, + b Fs) — boF 3 — aq.

From this we obtain by equating the coefficients for x in the left and right
membra

ag + boFy = — 23%, Fy, a, + bF, = (-‘71 = -’51,)F1v l (I6 )

@p + boF g = — %3%3'Fs, @, + b,F3 = (%3 + %4)Fs. l Lo 4
The parameters may hence be expressed

(21" — 2%y ) F1 Fy X% B — %%, Fa l
Ay = — ~——— =, by =—————,
F,— F, F,— F,
; 5 ; 5 : x ! % ¢ = (I6.‘,>)
. (14 %1 _xz_xz)vljlrl'rz s _(3'1T-'\'1 )Fx’*(h“'“ X3 )F:
: FooF i 5o

Special case: Ome pair of calculation points coincide in an extreme point,
1. ¢. we can put %, =z, =, and F, = F,
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Putting x. = 0, we obtain
X% By
~ F.—F,
+ %) F,

a; = — blFe:(xl ) A
Fe— Fl

Ay = — boF. =

Obviously, the above formulae are valid for the case where both pairs of the
calculation points each coincide with an extreme point, 7. e. ¥, = »," = x.” and
P =
2) Two of the calculation points (x,F,, x,'F,, x,F,, x3F3) have the same F-
value.
As in 1) it is evident that
a4y + boFy = — 2,2,/ F,, @y + bF; = (%, + x,)F,.

Putting u; = — LiE (% —
F,— F,

1
we may write the interpretation equation

ay + a5 = w;F,.

Making use of this equation for the points (x,F,) and (x,F,), one obtains two
equations, which give a, and a,. We obtain

Kglhy — Xglhg a,
o = =—— B, by = — 0% — —,
X3 — Xg F,

1 - ay

a, e by =5+ %" — —
3 E,

Special case: The two points having the same F-value coincide in an extreme

point (x _F.).
We put x; =x," =x. =0 and F, = F, in the above formulae and obtain

ay = — bF, =% fre L ) F,,
Xs— %y \F.—F, - F,— F,
1 xQF vv?F (16.7)
8= bR <ﬁ ek 51 'rsL) F.. ’
e R PP,

3) Four datum points (%;F;), having x, — %y = X3 — %, = Xp— X3

A straight line F = F; in the interpretation diagram cuts the F-curve in
two points which have the x-coordinates x, and x,’.

We now put

and make use of equation below (z6.5), which may be written

aq + ayx; + % (% — 2)mFy = x;(% — 2, Fy.
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From the three equations corresponding to 7 = 2, 3, 4 we obtain
;o MeXy — Angxs + 3maxs
N 5
n, — 4ns + 3n,
and further

ag = [x3(x3 — 2, Y1y — 2%,5(x3 — %, )] Fy,

ay =— [(g— 2. )03 — 2 (03— %' Ma]Fy, ¢ conniniin.ns (76.5)
a
by = — %1%, — —,
3
e,

GENERAL CASE.

A profile curve of (F) corresponding to a straight profile line is determined
by (n + 4) parameters. These can be given in the form of the n parameters of
the remainder field F, and the four parameters a,, a,, b, and b;, which are
functions of the six magnetic parameters of the sheet. Thus it is not possible
to compute more than four of the six quantities x,, £o, €M, eM |, @ and f with
the aid of data from one profile curve of F. For this reason we assume in the
following that the angles @« and y are known.

Obviously it is always possible to solve all the parameters of equation (r2.3)
in the common way out of the system of (n 4 4) equations corresponding to
(n + 4) chosen data of x;, F;, by computing (n + 5) rectangular determinants
of (n 4 4) rows. Without b, and b, we then obtain a,, @, and the parameters of
F, with the aid of the expressions (12.4).

It is often better, however, to follow another line of calculation. A system
of (n 4+ 3) equations according to (r2.3) satisfies the relation

lei ) “+1][b0+b1 \]IZO

As (n -+ 4) calculation points are given it is possible to select two different
relations of the type above. These two relations can be written (pp. 53—354)

Z) ((n+l) +b (‘(n+l]_c(n+l)y l

m+1) | (n+1) m+1) 3
bod + b, d d :

Hence
(n+1) (n+1) _  (n+l) y(n+1)
b, = d\F C.\?F CNF x2F
S T
(n+1) ga+1) __ gn+1) (n+1)
CF dxF d}" C\‘F i 6
C(“+D 1) d(“+1) (+1) M R RO Sl R S D T (I .9)
R ‘x2F x2F
bl (n+1)dLn+1 d(n+l) (m+1)"

F xF



58 S. WERNER.

After the computation of b, and b, it is convenient to calculate
| 1 % x..x5° Fil—b—bx+

1 1
ll x ‘. x" Xf‘“l

£ S

Sy
‘_1n+1 STty o

bl —hs

(16.105

C(n)

The quantities /c'i;’?" ... kp, AF may be calculated with the aid of similar

formulae.

Putting
i 1 yln—9
= F Ans l:‘ lb ST

n—2 -3
ST k\[; 1 )]

= F00— vihy,
1‘\“) = F*D4F,

we obviously have
(a—1) (n—1 (n—1)
T et N P
k(n*.l\: F xF ST
F

C(n~l)

k(n—{)z S

1)
S e bofwnal) —blc\w~1> i e M
AF = o S
¢

) (2 .
ao+a;xi=l'i (.X;’-‘bl.\i—bg).

>

With the aid of the formulae above we may successively calculate e
. AF. Thereby we only need (n + 1) values x;, F;’ by calculation of o

n values of x;, F;"’ by calculation of k;‘“"“ and so on all the way to 3 values of

x;, F;“‘“, when calculating AF. Finally a, and 2, may be calculated from two
equations of the last mentioned form.

§ 17. Given two components (F, G).

We distinguish the two cases when @ and y are both known or both un-

known.
@ AND Y KNOWN,

Before the treatment of the general case, formulae are derived for a simple
case which is often very useful in practical interpretation work.

Simple case.

We presuppose: X and Z given at three datum points (1, 2, 3).

Xt Z_ur
& == /3 — 7/ =4
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Significations:

/z<:(:\:l,_ \)( \ ——..\) 1 (L 1 )( \‘iZi)'
‘ (X, — X+ (&— 2

En (% — %) (XaZi — A\EZ{) A or
; (X, ——,\'-)2~(21_Zi)2’ oyl

et el e R e et
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